The mixture of Type I and Type II censoring schemes is called the hybrid censoring. This paper presents the statistical inferences of the Inverse Weibull distribution when the data are Type-I hybrid censored. First we consider the maximum likelihood estimators of the unknown parameters. It is observed that the maximum likelihood estimators can not be obtained in closed form. We further obtain the Bayes estimators and the corresponding highest posterior density credible intervals of the unknown parameters under the assumption of independent gamma priors using the importance sampling procedure. We also compute the approximate Bayes estimators using Lindley's approximation technique. We have performed a simulation study in order to compare the proposed Bayes estimators with the maximum likelihood estimators. A real life data set is used to illustrate the results derived.
Introduction
In life testing experiments often the data are censored. Type-I and Type-II are the two most popular censoring schemes which are in use for any life testing experiment. Two mixtures of Type-I and Type-II censoring schemes are known as hybrid censoring schemes. If the experiment terminates as soon as either the R-th failure or the pre-specified censoring time T occurs, type-I hybrid censoring scheme has been performed. In type-II hybrid censoring scheme, the experiment terminates when the latter of the R-th failure and the censoring time T occurs. Denote the i-th order statistic from a random sample of size n by X i:n . Thus, in type-I hybrid censoring scheme, one observes X 1:n , · · · , X r:n when X r:n ≤ min{X R:n , T } and X r+1:n > min{X R:n , T }. Under this scheme, the experiment may be terminated too early resulting in very few failures. Under type-II hybrid censoring scheme, the experiment terminates when X 1:n , · · · , X r:n are observed for which X r:n ≤ max{X R:n , T } and X r+1:n > max{X R:n , T }. In both hybrid censoring schemes, the failure number R and censoring time T are pre-fixed. Epstein (1954) first introduced the hybrid censoring scheme and analyzed the data under the assumption of exponential lifetime distribution of the experimental units. An extensive literature exists for hybrid censoring under classical and Bayesian framework and the overview presented below describe some of the work done on this topic. Gupta and Kundu (1998) obtained confidence and credible intervals for an one-parameter exponential distribution. Kundu (2007) obtained the MLE's, the approximate MLE's and Bayes estimates of shape and scale parameters of a Weibull distribution. Kundu and Pradhan (2009) analyzed a generalized exponential distribution in presence of hybrid censoring. Balakrishnan and Shafay (2012) developed a general method for obtaining Bayes prediction intervals of future observable based on an observed Type-I hybrid censored data. Rastogi and Tripathi (2013) derived maximum likelihood and Bayes estimates of the unknown model parameters of a Burr XII distribution. Singh and Tripathi (2015) studied a two-parameter lognormal distribution using hybrid censored samples and derived various point and interval estimates of unknown lognormal parameters from classical and Bayesian viewpoint. Tripathi and Rastogi (2015) considered point and interval estimation of the unknown parameters of a generalized inverted exponential distribution and obtained various classical and Bayes estimates based on hybrid censored samples. Hyun, Lee and Robert (2016) analyzed a two-parameter log-logistic distribution based on type I and type II hybrid censored data.
In this paper, we provide point and interval estimators for the unknown parameters of an inverse Weibull (IW) distribution based on type-I hybrid censored samples. The probability density function (PDF) of an IW distribution is
and the corresponding cumulative distribution function (CDF) is given by
where α > 0 and θ > 0 are the shape and scale parameters respectively. As in the Weibull distribution, the shape parameter α governs the shape of the PDF, the hazard function and the general properties of the IW distribution. When α = 1 and α = 2, the IW distribution reduce to the inverse exponential and inverse Rayleigh distributions respectively. The IW distribution is more appropriate model than the Weibull distribution because the Weibull distribution does not provide a satisfactory parametric fit if the data indicate a non-monotone and unimodal hazard rate functions. The hazard rate function of IW distribution can be decreasing or increasing depending on the value of the shape parameter. The IW distribution is useful to model several data such as the time to breakdown of an insulating fluid subjected to the action of a constant tension and degradation of mechanical components such as pistons and crankshafts of diesel engines. Extensive work has been done on the IW distribution. Kundu and Howlader (2010) considered the Bayesian inference and prediction problems of the IW distribution based on Type-II censored data. Singh et al. (2013) proposed a Bayesian procedure for the estimation of the parameters of IW distribution under Type-II hybrid censoring scheme. Ateya (2015) considered point and interval estimation of the unknown parameters of a IW distribution based on Balakrishnans unified hybrid censoring scheme. We consider the inference for IW distribution under type-I hybrid censoring scheme.
The rest of the paper is organized as follows. In Section 2, we discuss the maximum likelihood estimation of the scale and shape parameters of the IW distribution. The asymptotic confidence bounds are provided in section 3. Bayesian analyses are presented in Section 4. In Section 5, we conduct a simulation study to compare the performance of proposed methods and then analyzed a real data set for illustrative purpose in Section 6. Finally we conclude the paper in section 7.
Maximum Likelihood Estimation
In this section we provide the maximum likelihood estimators (MLEs) of the unknown parameters. We re-parametrize the model as follows λ = 1 θ α . Suppose n identical units are put on life test. Then under type-I hybrid censoring scheme, we observe only the first r failure times, say t 1 , t 2 , . . . , t r . Under the assumptions that the lifetime distribution of the items are independent and identically distributed (i.i.d.) IW random variable, the likelihood function for the type-I hybrid censored data without the multiplicative constant can be written as
3)
, u = min(t (R) , T ) and r denotes the number of units that would fail before the time u. Taking the logarithm of (2.3), we obtain
Taking derivatives with respect to α and λ of (2.4), and equality to zero, we obtain
It is clear that the normal equations do not have explicit solutions. We need some numerical techniques to solve the simultaneous equations.
Asymptotic Confidence Bounds
Since the MLEs of the unknown parameters α, λ can not be obtained in closed forms, it is not easy to derive the exact distributions of the MLEs. Therefore, the exact confidence intervals for the unknown parameters is difficult to obtain. In this section, we compute the observed Fisher information based on the likelihood equations. These will enable us to develop pivotal quantities based on the limiting normal distribution and then construct asymptotic confidence intervals.
From the log-likelihood function in (2.4) we obtain the observed Fisher information as
The observed Fisher information matrix can be inverted to obtain the asymptotic variance-covariance matrix of the MLEs as
It is well known that MLEs are asymptotically normally distributed and using this property of MLEs, we can construct the approximate confidence intervals for α and λ. Since theα andλ is asymptotically normally distributed, we have the asymptotic distribution of
to be standard normal. Using the pivotal quantities P 1 and P 2 , 100(1 − γ)% asymptotic confidence intervals for α and λ based on the MLEs are
respectively, where z γ 2 is the γ 2 th upper percentile of standard normal distribution.
Bayesian Analysis
In this section we compute the Bayes estimates and the associated HPD credible intervals of the shape and scale parameters. We need to assume some prior distributions of the unknown parameters for the Bayesian inference. Unfortunately, when both the parameters are unknown, there does not exist any natural conjugate priors. In this paper similarly as in Kundu and Gupta (2008) , it is assumed that α and λ have the following independent gamma priors;
Here all the hyper parameters a, b, c, d are assumed to be known and positive. Based on the above priors, the joint density function of the data, α and λ is
Based on L(data, α, λ), we obtain the joint posterior density function of α and λ given the data as
Therefore, the posterior density function of α and λ given the data can be written as
here g 1 (λ|α, data) is a gamma density function with the shape and scale parameters as (r + c) and
is a proper density function given by
Therefore, the Bayes estimate of any function of α and λ , say g(α, λ) under the squared error loss function iŝ
Unfortunately, (4.12) can not be computed analytically for general g(α, λ). We apply two dierent approximation methods to evaluate the Bayes estimators of α and λ. The first approximation technique due to Lindley (1980) and the second is an importance sampling procedure as suggested by Chen and Shao (1999) . The details are explained below.
Lindley's Approximation
It is known that the (4.12) can not be computed explicitly. Because of that Lindley(1980) proposed an approximation to compute the ratio of two integrals such as (4.12) . This has been used by several authors to obtain the approximate Bayes estimators. This approximation technique uses Taylor's series expansion of the integral expression around maximum likelihood estimator. For details see Lindley (1980) or Press (2001) . Other approximation form, e.g., Laplace approximation and approximation form in Tierney and Kadane (1986) can be used to evaluate (4.12) .
Based on Lindley's approximation, the approximate Bayes estimates of α and λ under the squared error loss functions are respectivelŷ Although using Lindley's approximation we can obtain the Bayes estimates, but it is not possible to construct the HPD credible intervals using this method. Therefore, in the next subsection we propose the importance sampling procedure to draw samples from the posterior density function and in turn compute the Bayes estimates, and also construct HPD credible intervals.
Importance sampling
Importance sampling is widely used in Bayesian computation. We use it to generate a sample from the posterior density function π(α, λ | data) and then to compute the Bayes estimates and HPD credible intervals. We need the following theorem for further development. Theorem 1. The conditional density of α, given data, say g 2 (α | data) is logconcave.
Proof. See Appendix B.
Since g 2 (α | data) has a log-concave density, using the idea of Devroye (1984) , it is possible to generate a sample from g 2 (α | data). Moreover, since g 1 (λ | α, data) follows gamma, it is quite simple to generate from g 1 (λ | α, data). Now we would like to provide the importance sampling procedure to compute the Bayes estimates and also to construct the credible interval of g(α, β) = θ (say). Similarly as in Raqab and Madi(2005) a simulation based consistent estimate of E(g(α, β)) = E(θ) can be obtained using Algorithm as given below.
Algorithm.
Step 1: Generate α from g 2 (. | data) using the method developed by Devroye (1984) .
Step 2: Generate λ from g 1 (. | α, data).
Step 3: Repeat Step 1 and Step 2 and obtain (α 1 , λ 1 ) , ..., (α M , λ M ).
Step 4: : An approximate Bayes estimate of θ under a squared error loss function can be obtained asĝ
Step 5: Obtain the posterior variance of g(α, β) = θ aŝ
We now obtain the credible interval of θ using the idea of Chen and Shao (1999). Let us denote π(θ | data) and Π(θ | data) as the posterior density and posterior distribution functions of θ, respectively. Also let θ (β) be the β-th quantile of θ, i.e.,
Observe that for a given θ * , Π(θ * | data) = E{I θ≤θ * | data}, where I θ≤θ * is the indicator function. Therefore, a simulation consistent estimator of Π(θ * | data) can be obtained asΠ
.
(4.17)
For i = 1, ..., M , let {θ (i) } be the ordered values of θ i , and
, be the associated weight, then we havê
Therefore, θ (β) can be approximated bŷ
To obtain a 100(1 − β)% HPD credible interval for θ, consider intervals of the form . Finally, among all R j choose that interval which has the smallest length.
Simulation Results
In this section we compare the performance of the different methods through a simulation study. We estimate the unknown parameters using the MLE, Bayes estimators obtained by Lindley's approximations, and also by the Bayes estimators obtained by using MCMC technique. The simulation study is carried out for different sample size and with different choices of R, T values. For a particular set of hybrid censored data, the MLEs and Bayes estimators are obtained as described before. Both non-informative and informative priors are used for the shape and scale parameters. In case of non-informative prior we take a = b = c = d = 0. We call it as Prior 1. Note that as the hyper-parameters go to zero, the prior density becomes inversely proportional to its argument and also becomes improper. This density is commonly used as an improper prior for parameters in the range of zero to infinity. It should also be mentioned that when a = b = 0 , π(α|a, b) is not log-concave, but the posterior density function g 2 (α | data) is still log-concave. For the informative prior, we chose a = 2, b = 1, c = d = 1. We call it as Prior 2. For computing different point estimators we generated 1000 samples from the IW distribution with α = 2 and λ = 1. The averages and mean squared errors (MSE) of estimators of α and λ are presented in Tables 1 and 2 , respectively. We also compute the 95% asymptotic confidence intervals based on MLEs. For comparison purposes, we compute the 95% HPD credible intervals from the Gibbs samples. We report the average confidence/credible lengths in Table 3 . In Table 3 , the first and second row represent the result for α and λ, respectively.
Some of the points are quite clear from Tables 1 and 2 . In Tables 1 and 2 , it is observed that the approximate Bayes estimators of unknown parameters based on Lindley's approximation match quite well with the Bayes estimators using MCMC method. In most of the cases, the Bayes estimates obtained by using Lindley's approximation of λ based on prior 1 perform better than the MLEs of λ, but while for α it is the other way. But in case of prior 2, the Bayes estimates using Lindley's approximation of (α, λ) perform marginally better than the MLEs for all cases considered. It is also observed that in most of cases the performance in terms of average bias and the MSE of Bayes estimates obtained by using MCMC procedure under Prior 1 are close to that of the corresponding behaviour of the MLEs or the Bayes estimates obtained by Lindley's approximations. But while using informative prior (Prior 2), the performance of the Bayes estimates by using MCMC are much better than the other estimates. Therefore, if the prior information are available, then we should use the Bayes estimates, otherwise MLEs may be used to avoid the computational cost. For all the methods, and for both the estimators, it is observed that for fixed n as R or T increases in most of cases the average biases, and the MSE decrease, it verifies the consistency properties of the estimates. Now, considering the confidence intervals and credible lengths, it is observed that the asymptotic results of the MLE work quite well. It can be seen that the average confidence lengths is quite close to the average credible intervals, mainly for large n and R. But, in most of the cases, the average lengths of the credible intervals are slightly shorter than the confidence intervals. From Table 3 it is observed that the results obtained using informative priors are not signicantly different than the corresponding results obtained using non-proper priors. Finally, note that Bayes estimates are most computationally expensive, followed by MLE. 
Illustrative example
In this section, we consider the two following examples to illustrate the use of the estimation methods proposed in the previous sections. Before progressing, first we want to check whether the IW distribution fits the data or not. For this purpose, we have used the complete data. The MLEs and bayes estimates of (α,θ) based on the complete sample are (4.3143, 2.7905) and (4.1861, 2.7657), respectively. The Kolmogorov-Smirnov distance between the empirical distribution function and the fitted distribution functions when the parameters are obtained by MLEs, and the associated p-value are 0.1060 and 0.8557, respectively. Since the p-value is quite high, we cannot reject the null hypothesis that the data are coming from the IW distribution. We have just plotted the empirical cumulative distribution function and the fitted cumulative distribution function in Figure 1 . It shows that IWD fit the data very well. Now, we have created two artificially the Type-I hybrid censored data sets from the above uncensored data set, using the following censoring schemes:
Scheme 1: R = 18, T = 0.5. In this scheme, it is observed that the R-th failure does not take place before time point T . For this scheme, the hybrid censored sample is: Based on the sample, the MLEs and bayes estimates of α and θ are (3.6933, 2.5446) and (3.8607, 2.7158) respectively. The 95% asymptotic confidence intervals of α and θ are (2.2233, 5.1635) and (2.2088, 2.8804) respectively. We also compute the 95% HPD credible intervals of α and θ and they are (2.3481, 5.2153), and (2.2718, 3.0145), respectively. example 2. In this example we consider the data given by Bjerkedal (1960) , and it represents the survival times (in days) of guinea pigs injected with different doses of tubercle bacilli. The regimen number is the common logarithm of the number of bacillary units in 0.5 ml. of challenge solution; i.e., regimen 6.6 corresponds to 4.0×10 6 bacillary units per 0.5 ml. (log (4.0×10 6 ) = 6.6). Corresponding to regimen 6.6, there were 72 observations listed below: For this data set, the MLEs of α and θ are 1.3272 and 0.0178 respectively. We compute the Bayes estimates of α and θ with respect to the assumed non-informative priors as 1.4736 and 0.0142, respectively. The 95% asymptotic confidence intervals of α and θ are (1.0569, 1.5779) and (0.0140,0.0212) respectively. Similarly, the 95% HPD credible intervals of α and θ are (1.2604, 1.6868), and (0.0106, 0.0177), respectively. Now for Scheme 2, it is observed that the R-th failure took place before T . In this case, the hybrid sample is: Based on the sample, the MLEs and bayes estimatores of α and θ are (1.3688, 0.0182) and (1.4599, 0.0158) respectively. The 95% asymptotic confidence intervals of α and θ are (1.1846, 1.6447) and (0.0152, 0.0216) respectively. We also compute the 95% HPD credible intervals of α and θ as (1.3426, 1.5763) and (0.0135, 0.0181), respectively.
Conclusion
In this paper we considered the classical and Bayesian inference of the inverse Weibull distribution based on Type-I hybrid censored data. The maximum likelihood estimators of the parameters can be obtained by using an iterative procedure. Hence the Bayesian inference seems to be the natural choice for the analysis of certain survival data. The prior belief of the model was represented by the independent gamma priors on the shape and scale parameters. The squared error loss function was used as it is appropriate when large errors of the estimation are considered to be more serious compared to other loss functions. It was observed that the Bayes estimators and the HPD credible intervals can not be obtained in explicit form. We proposed two approximations which can be implemented very easily. We compared the performance of the Bayes estimators with the MLEs by Monte Carlo simulations, and it was observed that the performances are quite satisfactory. Now the first part of Lindleys approximation follows by using
For the second part, note that g(α, λ) = λ, then 
Appendix B
The conditional density of α given the data is Therefore the result follows.
